ABSTRACT. For any special nilpotent orbit, let
h ∨ is integral. In this manuscript, we provide details on the proof of these properties when 1 2 h ∨ is not integral.
INTRODUCTION
Let G complex simple Lie group with Lie algebra g. For each λ ∈ h * in the dual of the Cartan subalgebra h of g, there is a unique maximal primitive ideal in I λ ⊂ U (g) such that I λ ∩ Z(U (g)) = ker(χ λ : Z(U (g)) → C), where χ λ is the central character of the universal enveloping algebra U (g) corresponding to λ.
Treating G as a real Lie group with maximal compact subgroup K, we identify g C = g × g with Cartan subalgebra h C = h × h, compact torus t = {(x, −x) ∈ h C |x ∈ h} and split torus a = {(x, x) ∈ h C |x ∈ h} with h = t⊕a. Given (λ, µ) ∈ h * C so that (λ−µ) is a weight of a finite dimensional holomorphic representation of G, then the principal series representation with character (λ, µ) is the (g C , K C )-module X G (λ, µ) := K − finite part of Ind G B (e (λ,µ) ). For each λ ∈ h * and w ∈ W , one would like to study which irreducible quotient X G (λ, wλ) of X G (λ, wλ) satisfies LAnn U (g) X G (λ, wλ) = RAnn U (g) X G (λ, wλ) = I λ . These are the irreducible modules with the smallest possible associated variety. In particular, the spherical module X G (λ, λ) = U (g)/I λ satisfies the above property.
In [BV3] , Barbasch and Vogan studied some special values of λ as follows: 
The main results in [BV3] [BV3] , then the character formulas for all
Here is an outline of the proof: (I) Let λ := λ O ∨ and consider Lie subalgebra g ′ of g with roots α in g satisfying α ∨ , λ ∈ Z. It turns out that there is a choice of simple roots of g ′ such that their inner products with λ is equal to either 0 or 1. (II) Upon restricting to g ′ , the result in [BV3] applies, and we can obtain integral special unipotent representations with infinitesimal character λ =
. By Theorem III of [BV3] , the unipotent representations are parametrized by π ∈ A(O ′ ) ∨ , and their character formulas are given by
Under the above identification of elements in
is special, and is the Springer representation of O ′ . All other X G ′ (λ, wλ) have character formulas involving special representations 
are the character formulas of irreducible representations of G. And the same result goes for character formulas of other irreducible representations. [BV3, Proposition 6 .6]), these character formulas in G contain expressions involving σ sp (or τ sp ), and their associated varieties can be determined by the Springer correspondence of σ sp (or τ sp ). Since deg(τ sp ) < deg(σ sp ), the irreducible representations X G (λ, w π λ) in (1) are the ones with smallest possible associated variety. (VI) We will make the following observations:
• For all orbits we are studying,
is irreducible. More precisely, σ sp is the Springer representation attached to O, the Lusztig-Spaltenstein dual of O ∨ .
• If O is not equal to one of the three exceptional orbits,
This identification of elements in V L (O) matches with that of [L1] . The first point guarantees that all X G (λ, w π λ) have associated variety equal to O (see also Theorem 5.2 of [McG] ), and they have the same cardinality as the number of irreducible representations of A(O). The second point and [BV3, Proposition 6.6] reformulate Equation (1) into
In other words, the character formula of X G (λ, w π λ) is given precisely by Theorem III of [BV3] . This finishes the proof of the main theorem.
CLASSICAL LIE ALGEBRAS
We will describe all special nilpotent orbits in L g of type B, C and D as follows:
• L g of Type B:
rows (which must be of the form r 2l−1 = r 2l−2 = α), along with odd row pairs of the form r 2l = r 2l−1 = β and get
be a special orbit. Separate all odd rows (which must be of the form r 2l−1 = r 2l−2 = α), and even row pairs of the form r 2l = r 2l−1 = β and get
Separate all even rows (which must be of the form r 2l−1 = r 2l−2 = α), and all odd row pairs r 2l = r 2l−1 = β and get 
Note that P ∨ is even with A(P ∨ ) ∼ = A(O ∨ ) and the results in [BV3] hold for P ∨ . More precisely, the coordinates of λ O ∨ consists of:
• L g of Type B: integers coming from P ∨ , half-integers coming from Q ∨ .
• L g of Type C: half-integers coming from P ∨ , integers coming from Q ∨ .
• L g of Type D: integers coming from P ∨ , half-integers coming from Q ∨ .
Let L g ′ be the Lie subalgebra of L g whose roots are given by the roots α ∨ in L g satisfying α ∨ , λ O ∨ ∈ Z. We will study integral special unipotent representations
We now study the unipotent representations Π(P ∨ ) and Π(Q ∨ ) individually. For Q ∨ , it has trivial Lusztig quotient, and the special unipotent representation attached to it is Π(Q ∨ ) = {Ind
On the other hand, suppose the left cell representation of P is V L (P) =
One can use Equation (4.6.5) of [L1] to check that the right hand side is irreducible, and hence the main theorem follows. More explicitly, Π(O ∨ ) is given by
EXCEPTIONAL LIE ALGEBRAS
Let O ∨ ⊂ L g be an exceptional, special nilpotent orbit with λ O ∨ not integral. Since there are no such orbits in G 2 , we will only focus on exceptional Lie algebras of Type E and Type F . As mentioned in the introduction, let L g ′ be the Lie subalgebra of L g whose roots are given by the roots α ∨ in L g satisfying α ∨ , λ O ∨ ∈ Z. We will study Π(
In the following tables, we list all O ∨ with non-integral λ O ∨ and its Lusztig-Spaltenstein dual O. Then we give the orbit O ′ ⊂ g ′ corresponding to O. In most cases, we can use [L2] 
A.2.2. E 6 . The results for E 6 are as follows:
A.2.3. E 7 . The results for E 7 are as follows:
A.2.4. E 8 . The results for E 8 are as follows:
Here is an example on how the above results are obtained: 
. By looking at the tables of [Ca] 
By Proposition 3.18 of [BV2] and (4.13.3) of [L1] , we have in all cases. Even though we cannot express the character formulas for these orbits in the form of Theorem III of [BV3] , they can be obtained by simply using Step (IV) of Section 1.
We end this manuscript by correcting a few typos found in [L1] :
• In (4.11.3), 64 p = J W A 2 ×A 1 (sign).
• In (4.13.3), 840 x = J E 8 D 7
2 3 4 0 1 3 , and 4096 x = J E 8 E 7
(512 a ).
